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An - gidng vién khoa Toan Truong Dai hoc Su pham - Dai hoc Thai Nguyén.
Nhan dip nay to6i xin bay t6 long biét on sau sic t6i thay, ngusi da huéng dan toi
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MG DAU

Nam 2015, Simone Bottger trong luan an tién si ctia minh “Monoids with
absorbing elements and their associated algebras” [3] da gi6i thiéu khéi niém
binoid va dai s6 binoid md rong, khai niem vi nhém, dai s6 vi nhém: Cho R 1a
vanh giao hoan, cho M 13 mot vi nhém véi phép cong. Phan tit a € M thoéa man
a+b=a, véi moi b € M dugc goi 1a phan tt hut (absorbing element). Phan ti
nhu vay néu ton tai 1a duy nhat va duge ky hieu 14 co. Mot vi nhém c6 phan ti
hiat duge goi 1a mot binoid. Dai s6 két hgp vé6i binoid duge goi 1a dai s6 binoid

ctia M, ky hieu la R[M] va dugc xac dinh 1a dai s6 thuong
R[M] := RM/(X™),

trong d6 RM = @,.,, RX® la dai s6 vi nhém, (X°) la idéan ctia RM sinh béi
X°°. Nhu vay, dai s6 binoid 134 md rong ctia dai s6 vi nhém. Dai s6 binoid 1a vanh
thuong ctia dai s6 da thitc bdi idéan don thiic ho#ic idéan nhi thitc sinh bdi cac
nhi thitc thuan tay (pure difference binomial). Nhic lai gid st S = R[z1,...,2,),
n > 1 1a vanh da thiic, da thitc dang z{'25%...2%" a; € N,i = 1, n dugc goi 1a mot

don thitc, da thitc dang

a1 ,.a2 an b1 b2 bn.
ar{'zy?..xpt —bxi'ry..x,a,b € Rya;, b € N

duge goi 1a mot nhi thie, nhi thitc ma a,b € {0;1} goi la nhi thitc thuan tay.
Céc dai s6 binoid 1a déi tugng chinh trong T6 hgp, Dai s6 giao hoan va hinh hoc
dai s6. Cac dai s6 phai ké dén la: Vanh toa do ctia da tap affin (xa anh), vanh

Stanley-Reisner, vanh Toric.



Muc dich ctia luan vin 1a tim hiéu vé binoid va dai sd binoid theo hai tai lieu
chinh [2], [3].

Luan vin bao gom 2 chuong.

Chuong 1 tim hiéu vé binoid, dong cau binoid, tap sinh binoid, mot s6 16p
binoid dac biét, tich smash, tac dong binoid trén tap dinh diém, dia phuong héa

va idéan trong binoid giao hoan.
Chuong 2 tim hiéu vé dai s6 va dai s6 binoid, idéan trong dai s6 binoid, cau

tric modun cta dai so.



Chuong 1
Binoid

1.1. Binoid va dong cau binoid

Phan nay gi6i thieu dinh nghia binoid va mot s6 tinh chat ctia binoid. Trong

luan van ta luon quy uée R la vanh giao hoan ¢6 don vi.

Dinh nghia 1.1.1. (1) Mot nda nhom (M, *) 1a mot tap hop M va phép toan
két hop.
x: M x M — M (a,b) — axb

Mot vi nhém (M, *,e) 1a mot nita nhém ton tai phan tit e thdéa man
axe=exa=avéimoia€e M.

Mot phan t nhu vay dude goi 1a phan ti don vi ctia M va phan ti don vi luon
1a duy nhat.

(2) Mot vi nhém con clia vi nhém M 1a mot nita nhém con ¢6 chita phan tit
don vi ctia M. Trong phép toan cong, phan tit don vi sé duge ky hieu 1a 0 va
trong phép toan nhan ta ky hiéu la 1.

(3) Mot phan tit a € M trong nita nhém 1a phan ti hit (absorbing) néu
a*x=x*a=a véi moi x € M. Mot phan tt hit luon 1a4 duy nhat néu ton tai.

(4) Mot binoid (M, *,e,a) (nia binoid (M, *,a)) la mot vi nhom (hay ntta
nhom) v6i mot phan ti hat a. Mot binoid con (nia binoid con) chia M 13 mot vi
nhom con (hay nita nhém con) ctia M chita phan tii hat ctia M. Trong phép toan
cong, phan tit hat sé dugce ky hiéu bang co va trong phép toan nhan ta ky hiéu
15 0. Theo dinh nghia, nita binoid va vi nhém luén 1a tap khéac rong, dic biét cac

binoid cling vay.



Ta ky hiéu tap cac binoid la B va tap cac binoid giao hoan la com B.

Trong su6t luan van nay, néu khong noéi gi thém thi moi binoid sé dugc trang
bi phép toan cong (ké ca binoid khong giao hoan). Hon nita, trit khi c6 sy nham

1an, ching ta viét tat Ia:
na=a+...+avanA={a+...+a,|a € A},
véineN,ae M,AC M,0a=0va0A=0a.
Vi du 1.1.2.
(1) Binoid {00}, tic 1a 0 = oo dudc goi la binoid khong va binoid {0, 0o} duge
goi 1 binoid tam thuong

(2) Thém phan tit hat oo vao vi nhom giao hoan (N* +,(0,...,0)),n > 1,

biang cach xac dinh k + oo = oo tao ra mot binoid, ky hieu la (N")>.
(3) Cho (R, +,+) 1a mot vanh. Khi d6 (R, -) la mot binoid.

Vi du 1.1.3. Cho V la tap tuy y. Tap lay thita P(V) la tap céc tap con cia V.

Khi do ta ¢6 hai binoid sau:
P(V)qa=(P(V),n,V,&) va P (V)U = (P(V),U,2,V)

Ta ¢6 P(@) tao ra binoid khong va P({1}) la binoid tam thuong. Néu V 14 hitu
han, ching ta viét t&t P({1,...,n}) = P,,n > 1 va viét P, va P, cho cac
binoid tuong ting. Céac binoid con ctia P (V') va P (V) , dudc cho béi cac tap hop
con M C P(V) chtung la déng d6i véi phép toan U va N, lan lugt chita @ va V.
Néu M 1a mot binoid con cta P (V) (tuong tmg P (V),), thi

Me={U°|Ue€ M},

trong d6 U¢ = V' \ U la phan bu ctia U, 1a mot binoid con cia P (V). (tuong
tng P(V),) iU UW* = (UNW)® (tuong tng U°NW* = (UUW)* ) v6i moi
U, W C P(V). Dac biet, moi topo T = {U | UCV mé} trén tap khéc rong V
xac dinh cac binoid giao hoan lien quan dén phép hop va phép giao, cu thé la
(T,N,V,2) = To va (T,U,2,V) = T, ciing nhu tap hgp tat ca cac tap dong
T¢={U°|U e T}. Céc binoid P (V) va P (V) sinh tit topo i rac trén V' va
binoid do topo tam thuong trén V' chinh 1a binoid tam thuong {V, @'}.
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Dinh nghia 1.1.4. Nita binoid v& vi nhém thanh lap bang thém mot phan ti
hit va mot phan tt don vi vio mot nita nhém M sé duge ky hiéu lan lugt 1a M
va MY Néu M chita phan tit hiit, ching ta viét M® = M \ {cc}.

Dinh nghia 1.1.5. Mot tap dinh diém (pointed set) (S,p) la tap S c6 phan ti
dac biet p € S. Mot anh xa (S, p) — (T, q) clia cac tap hop diém véi p — ¢ duge
goi 1a dnh wa dinh diém (pointed map). Tap hop tat cd cic 4nh xa dinh diém
S — T sé dugc ky higu la map,,,, (S, T). Trong truong hgp 7' = S va p = ¢,
chiing ta chi can viét map, S. Tap map, S 1a mot binoid véi phép hop thanh dnh
xa S — S. Phan tt don vi dugc cho béi idg va phan ti hat xac dinh béi anh xa

khong ddi ¢, : s+ p, s € S.

Trong phan tiép theo, chiing ta sé chi ra ring moi binoid ¢6 thé nhiing vao mot
binoid gom cac anh xa

(mapp S, 0,idg, cp) :

Dac biét, ta ¢6 mot tap hop M 14 mot vi nhém néu va chi néu né 1a mot nia
nhém dinh diém (M, 0) véi tinh chat bo sung ctia phan ti don vi 0. Tuong t,
nita binoid M 14 mot nita nhém dinh diém (M, oo) véi tinh chat x4c dinh ctia oo.
Khi quan sat diéu nay, mot binoid M c6 thé duge coi 1a mot tap hop dinh diém
(M, p) theo hai cach khéc nhau: Mot tap hop dinh diém véi p = 0 hodc nhu mot
tap hop dinh diém véi p = oo.

Tich va tong tryc tiép ctia mot ho (.S;, Pi);er CUa cac tap dinh diém ciing 13 mot
tap dinh diém véi phan t (p;);.; va ching trung nhau néu va chi néu I 1a hitu
han; trong truong hop nay, ching ta ky hieu €p,.; S; thay vi [[,.;S;. Tuong tu

2 £ - - - 2 2. [N 2 s - . .
cac cau tric khac, ta c6 cac khai niém tong, tich cac binoid.

Dinh nghia 1.1.6. Cho M va N la binoids (hodc nita binoid). Mot anh xa
@ : M — N la mot dong cau binoid (nia binoid) néu né la mot dong cau (ntra
nhém) va p(ocoy) = ooy. Hon nita, ching ta goi ¢ 1a mot don ciu hodc phép
nhing néu né la don anh, 1a mot toan cdu néu né la toan anh, la mot ding ciu
néu no6 la song anh, khi d6 ta viet M = N. Tap imp = ¢ (M) 1a dnh clia ¢ va
tap ker(¢) = {a € M | v (a) = ooy} 1a hat nhan cia ¢ . Tap hop tat ci cac dong
cau binoid tit M dén N dugce ky hieu 1a hom(M, N)



